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Abstract

In this paper, we develop the machinery needed to investigate and solve the Basel
problem in two ways: through Fourier series and through partial fraction decompo-
sition. We then move on to the zeta function, showing how to compute values such
as ((4) and, more generally, ((2n). Finally, we give a brief overview of the Riemann
Hypothesis, including a few key definitions and the statement of the conjecture. The
paper is meant to be self-contained and assumes only introductory analysis along with
some basic complex analytic tools.
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1 Fourier Series

Likely due to its fame and popularity, the Basel problem has been solved in numerous
ways, ranging from real to complex analytic methods, making use of slick probability tricks,
and beyond. In this section, we develop the necessary machinery to solve the Basel problem
in one of many ways, utilizing the ideas of the French mathematician Joseph Fourier (1768-
1830).

First, recall that we say a sequence of complex-valued functions ( f,) on a set S converges
uniformly to f on S if for all € > 0 there exists some natural number N such that if n > N,
then for all z € S,

[fn(2) = f(2)] <e.

Furthermore, if ) g,(2) is a series of complex-valued functions on a set S, we say the series
converges uniformly on S if the sequence of partial sums (.5, (z)) converges uniformly on
S.

Fourier series are quite similar to our study of Laurent series. We define a complex
Fourier series to be the two-tailed series

E Cnezne = 6_26—220 + 0_16—7,9 +CO + 61626 + 626229 4.
neZ

If the Laurent series

f(z) = Z anz"

nez
converges uniformly on the unit circle {z : |z| = 1}, then the Fourier series expansion of
f(e®) is
f(eie) = Z anemey
nez

treated as a function of . Hence, the Fourier coefficients of this expansion are ¢, = a,,.
Now, to solve for the coefficients of the series, let our Fourier series from above converge
uniformly to f(e?), writing

Fe?) =" cpe™ (1.1)
nez
to denote this. Then notice that if n #£ k,

2m 2m
/ eineefike do = / e(i(nfk))e d97
0 0

and upon letting « = n — k, we recover

2r eiaG
e’ df = —
0 (10’

Then in the case where n = k, the integral becomes quite trivial and is simply

27 ) ) 27
/ e~ k0 qp — / dh = 2.
0 0

2

0



Since we're looking for the coefficients of our series, this motivates introducing a factor of
1/27 to make computations cleaner, whence it follows that

o oind o—ikf d_9 _J0, for n # k'
0 2 1, for n=k

Using this, we have

2 2 2
/0 f(e?)e ko % = /0 Z e ek % = Z cn/O el ik % = ¢y, (1.2)
neZ neL
where switching the order of summation and integral is justifiable, as we’ve assumed uniform
convergence. Hence, as promised, we define the Fourier coefficients of any integrable
function f(e®) to be
. = /Zﬂ— f(eiﬁ)e—inﬁ d_e
S A 21
We then use the notation
f(e“’) ~ cheinﬁ
nez
to say that f(e) is associated to the given Fourier series, being careful to use a tilde as
opposed to an equal sign to acknowledge that the series doesn’t necessarily converge to f(e')
for all 6.
With all of these definitions now under our belt, we are ready to tackle our first big
result, which is referred to as Parseval’s identity.

Theorem 1.1. If f(e?) ~ 3" c,e™ and the series converges uniformly to f(e%), then

2m ] do
| ps = ke

neZ

Proof. First, let us recall that for z € C,|z|? = 22. So |f(e?)|? = f(e¥) - f(e?) and similarly
lca|? = ¢y - €. Then using our formula from (1.2)), we find that

27 do 2 df
Cp = E @/ etkbp—int __ — E q\/ e—lkeezne iy
0 2m 0 2m

kez keZ
Moreover, from (|1.1)) we have

|f<€z’0)|2 _ (Z Cneme) (Z ae—ik0> _ ch qu—ikﬁema

neL kEeZ nez keZ

Therefore, utilizing our assumption of uniform convergence to justify moving around our
integrals and summations, we find that

o 0\ |2 de o — —ik6 _in6
e = [ e e

neL keZ

2m de
— E :CnE :c_k 6—2k9€zn9_ — E CnCr = E |Cn‘2>
0 2m

nez keZ nez neZ
as desired. ]



However, a posteriori, note that although we stated and assumed uniform convergence in
Theorem , it is not strictly necessary. In fact, as long as f(e) satisfies fo% | f(e)]2df <
00, Parseval’s identity holds. We are now ready to look into our first example which can be
found in [4, p. 187].

Example 1.1. Consider the function

o )1, 0<bO<m
fle )_{—1, T<0<2m’

Find the Fourier coefficients and show that

f(e?) ~ 4 <sin9 + %sin(f—i@) + %sin(59) + - ) : (1.3)

™

Solution. Let O = {2k + 1 : k € Z} be the set of odd integers. Then the Fourier coefficients

of f(e) are given by
2m ™ —(=1)"
¢ = _/ 6—me ﬁ +/ e—in@ ﬁ — 1 ( 1)
” 2T 0 2m min
for n # 0. If n = 0, then we would find that

/2” d9+/” g _ —2mtmtm_
Ccp = — = 6. T T - =
0 . 2 Jy 27 27 ’

and if n were even, then ¢, = = =

Therefore we have the Fourier series
. . 2 2 . 2 . 2 .
6 ind __ _ & ind — ... —1560 —130 —160
Fe) ~ D ene _%m‘ne * (—m'5>e * (—7?2'3)6 * (—ﬂ)e

nez
2 , 2 , 2 .
+ = 619 + : 6130 + : 6159 4.
v 3 5

Now notice that e~ /i = —je=™? and ™ /i = —ie™, so

0. Lastly, if n were odd, then ¢, = % = 2/7in.

Tin

eme . efinG ) )
, = —ie™ — (—ie7™%) = 25in(nf).
i

Therefore, upon grouping the terms in which the n’s agree, we find that

] ) 261'6‘ _ 26—i0 262'39 _ 26—1'36' 262'56 _ 26—2'59
i nd _ I —— S —— —_—
F@) ) ene™ = J“( i )+( i3 )+( 75 )J“

neL
4sinf  4sin(36)  4sin(50)
= + + +

T 3 5%

(sin0 + %Sin(iﬂ@) + %sin(w) + .- ) ,

4
T

verifying (|1.3)). [ |



We can then extend our example even further, in order to derive our first solution to the
Basel problem.

Example 1.2. Use the function from Example [I.1] to show that

1 2
>

neO

o — 0, n even
" 12/min, ne@

Solution. Since we had that

this implies that

ea? = 0, n even
" 4/m*n? ned’

Similarly, from the definition of f(e?), we have that |f(e?)]? = 1 for 0 < § < 2. Now
equipped with |f(e?)|? and |c,|?, this suggests we should look into Parseval’s identity. First

we have . " _
012
— = —=1<
[ senps = [ 1<

so we're good to use Parseval’s identity. Then for the coefficients,

4
Z Jeal® = Z 22

ne”l ne

Due to the factor of n?, we can instead sum over the odd positive integers O" and multiply

by a factor of 2. Hence
4
2 _
Z|C”| =2 Z m2n2°

neZ neQ+

Thus applying Theorem it follows that

Ergo,

as desired. ]

This is quite an interesting result in its own right, though not what we were looking for.
However, we’re no more than a hop, skip, and jump away from where we want to be!

Example 1.3 (Basel Problem v.1). Using Example [1.2] prove that

Z % = %2 (1.4)

neN



Proof. Notice we can write

1 1 1 1 1 1
ﬁ:1+§+§+ﬁ+§+@+“.

neN

1 1 1 1 1

= 1—1—3—2—1—?—#--- + §+E+@+-”
1 1

DIE Ty

neQ+ neN

2 1 1

=g tiX

neN

Therefore, subtracting % > # from both sides and multiplying by 4/3 yields

2 2

Zi_‘_l ™ _ 7
n2 3 8 6’

neN

as desired. O

2 Partial Fraction Decomposition

Our next proof of the Basel problem is quite involved, and so we’ll recall a few key results
and definitions first. A useful result for deducing the uniform convergence of a sequence of
functions is the Weierstra3 M-test.

Weierstrafl M-test. Suppose (f,) is a sequence of complex-valued functions on a set S
and let (M,) be a sequence of non-negative real numbers such that |f,(x)| < M, for all
x €S andn € N. If Y M, is convergent, then > f, is uniformly convergent on S.

Sometimes, when trying to verify a particular function has a given property, showing it
is constant (especially zero) can be particularly useful. The following theorem achieves this
to some degree.

Liouville’s Theorem. Let f(z) be a holomorphic function on the complex plane. If f(z) is
bounded, then f(z) is constant.

Further recall that a function f(z) is meromorphic on a domain D if f(z) is holomorphic
on D, except possibly at isolated singularities, each of which is a pole. Moreover, suppose
f(z) is a function with an isolated singularity at zy which is a pole of order N. Then the
principal part P(z) of f(z) at the pole z; is the sum of negative powers in the Laurent
series of f(z). That is, the principal part of f(z) at zo has the form

-1

Pz)= Y an<z—20>”=(zi—jow+---+

a_q

z2—2



Hence we can see that the ill behavior of f(z) at zg is baked into P(z) and so f(z) — P(2)
is holomorphic at 2y since we've killed off the singular part of f(z). Although not directly
related to complex analysis, it is useful to remember that a function f(z) is periodic if it
has a nonzero period, where period is defined to be the complex number p such that for a
function f(z), we have f(z + p) = f(z) for all z for which f(z) and f(z + p) are defined.
Lastly, recall that for z,w € C, the sine addition formula is

sin(z 4+ w) = sin z cosw + cos z sinw,

and using the exponential definitions of sine, cosine, and their respective hyperbolic relatives,
we have the following equalities:

cos(iz) = coshx and sin(iz) =isinhz, z€R.

We are now ready to prove a little lemma that will be useful later in solving the Basel
problem.

Lemma 2.1. For z = x + 1y, the following holds true
|sin(72)|* = | cosh(7y)|? — | cos(mz)[?. (2.1)
Proof. Notice we can write
sin(mz) = sin(wz + imy) = sin(wz) cos(iny) + cos(mz) sin(iry),
which then reduces to
sin(mz) = sin(mwz) cosh(my) + i cos(mx) sinh(7y).
Then using the well known facts that cos® z + sin? z = 1 and cosh? z — sinh® z = 1, we have

| sin(7z)|? = sin(nz) - sin(nz) = sin?(7z) cosh?(wy) + cos?(wx) sinh?(7y)
= cosh?(my) — cos? (7).
Lastly, recall that for any real-valued function, |f(z)]* = f(z)?, so we've shown (2.1)). O
Now consider the following example, which can be found in [1, p. 187].
Example 2.1. Show that 72/(sin?(72)) has the partial fraction decomposition
2

T 1
sin?(z2) - Z (2 —n)? (22)

nez

Solution. Set f(z) =>_1/(z —n)? and g(z) = f(2) — 7%/ sin®(7z). For an arbitrary positive
radius R, if |z] < R and |n| > 2R, then

i

[z =nl 2 n] = |2| 2 |n] = B> =,



which in particular does not depend on z. Therefore, we have that

1 - 4
|z —=nl2 n?

which is a convergent “p—serieﬂ,” whence f(z) is uniformly convergent for |z| < R by the
Weierstral M-test. Therefore f(z) is a meromorphic function on C. Then notice that both
f(2) and 72/sin®*(7z) have poles at all integer values of z and they in fact, have the same
principal partsﬂ. Thus, ¢g(z) is holomorphic on all of C. Further, we have that

f(z—i—l)zz(z_i_l—l_W:Zﬁ:f(z), m=n—1

neL

and that

2 2 2

2

sin?(m(z 4+ 1)) (sin(7z) cos T + cos(mz) sin ) - sin?(7z).
Therefore, g(z) = g(z + 1), implying that g(z) is a periodic function with period 1. As a
result, we may restrict our studies to the period strip {0 < R(z) < 1} which in turn will tell

us about the behavior of g(z) on all of C. Now for z =z +iy € P ={0 < R(z) < 1, |y| > 1},

1
(z = n)?

1 1

(r+iy)? —2(e +iym+n?| (@ —n) +iy?
! <12
= n .
e R CES

This shows that for z € P, f(z) is bounded. Moreover, since as |y| — oo each summand of
f(z) tends to 0, by the uniform convergence of f(z), we have

lim f(z+iy)=0.

ly|—o0
Similarly, by (2.1]) for z € P,
2 B 2 < w2
sin?(rz)| | cosh(my)[?2 — |cos(mz)|2 ~ cosh®(m) — 1

This shows that 72/ sin?(rz) is bounded} tending to 0 as |y| — oo. Hence for |y| > 1, we
have that g(z) is bounded. Moreover, since g(z) is holomorphic on all of C, it is continuous
on the closed and bounded (compact) set {0 < R(z) < 1,]y| < 1}. It is a standard result
[6, Thm. 26.5] in topology that since g(z) is continuous on this compact set, it must be
bounded here, and hence in the period strip {0 < R(z) < 1}. Recall we found g(z) to be
periodic with period 1, so being bounded in {0 < R(z) < 1} implies boundedness in all of C

1 And equals 272/3 by

2This can be seen by comparing the Laurent expansion of 72/sin?(7z) to f(2).

3To better see this, recall that for all z,|cos(z)] < 1. A lesser known fact may be that for |y| >
1, | cosh(my)|? > cosh?(7). Putting these together will give you the asserted bound.




and by Liouville’s theorem, g(z) must be constant. Lastly, since both f(z) and 72/ sin?(7z2)
tend to 0 as |y| — oo, it follows that

lim g(x +dy) =0,

ly|—o0
so g(z) = 0 and therefore, we have (2.2)). |

After finishing the above example, we are now ready to give our second solution to the
Basel problem.

Example 2.2 (Basel Problem v.2). Using the partial fraction decomposition ({2.2)), prove

that
DT
nZz 6

neN

Proof. Since z — n becomes z — (—n) = z +n when n < 0, we can write

1 1 1 1 1 1
Z(z—n)2 B Z (z—n)2+1%(z+n)2 _g—i_z((z—n)Q—’_(z—l—n)Z)’

neZ neNg neN

After some algebra, this simplifies quite nicely, and we find that

1 22 4+ n?
2. Gonp 22 Z )
neL nEN
Then notice in the right summation, if we ignore the 2’s, we have the sum of n?/(—n?)? =
1/n? which is precisely what we're looking for. Thus, this motivates taking the limit as
z — 0. However, in doing so we run into an issue evaluating 1/2? as z — 0. Therefore this
further motivates examining both sides of

w2 1 22 + n?
=9 A 2.3
sin?(rz) 22 Z (22 — n?)? (2:3)

neN

as z — 0. The right hand side is quite easy. As we said above, it will become 25" #
However, the left side isn’t as straightforward. In fact, it isn’t until four applications of
I’Hopital’s rule that we recover

, 72 1 . w22 —sin®(72)
lim ~ 2, N 3 = lim )
=0 [sin®(mz)  # =0 sin“(mz)z?
L.H. 72 cos(2mz)
=" lim
2—0 —sin(27z)4dmz — w222 cos(2mz) + 3 cos(27z)
2
= 3

Therefore dividing by 2 on both sides of (2.3)) yields

1 2
> E =
neN

as required. 0



3 The Zeta Function

Although the zeta function may typically be associated with German mathematician
Bernhard Riemann (1826-1866) due to its common name “the Riemann zeta function,” it
was actually first introduced by Swiss mathematician Leonhard Euler (1707-1783). Using
the typical notation of the zeta function, given a complex variable s = o + it, we define the
zeta function to be

C(s) = 1 1+ L + !

ns 25 | 3s
neN

o R(s) > 1. (3.1)

As one may guess, we've already seen this function; the main topic of the first two sections
was the solution to ((2). This mysterious function is a fundamental concept in numerous
famous unsolved problems, most notably the Riemann Hypothesis, which we’ll briefly discuss
in the next section. In attempts to understand the zeta function more deeply, we’ll investigate

¢(4).

Example 3.1. Consider the function f(e?) = |0] for —7 < § < 7 and use this function to
show that

Solution. First, we can rewrite f(e) as

0\ __ 97 OSQSW
ﬂe)_{—a —1<6<0

and so |f(e?)|? = 62 for —r < 6 < 7. Then we have that

N I A R
0y12 77 02_:_
/ D 5, / o 3 =%

suggesting that we can use Parseval’s identity. We can then find the Fourier coefficients by
0 T
o dl o df
Cn:_/ ee—an__'_/ 96—1n0_7
. 2m 0 2m
which by a simple use of integration by parts becomes

)
(inf + 1)e~"0
2mn?

(-1)" -1
mn2

inf + 1)e~"m? "
L (i el

n p—
27n2

for n # 0. However when n = 0,
T do T do
coz/ |0|—:2/ g =T
_. 2w 0o 2 2

10



Now, if n is even, we see that ¢, = % = 0 and if n is odd, then ¢, =

mn?
Therefore we can fully describe the Fourier coefficients of f(e%) by
T an2 n e
Cp = R n=>0
0, otherwise
In hopes of using Parseval’s identity, we then compute
2 2
5 9 o T 4 o7 4
Dl =lal+ ) leal =T+ m5=T+2) &
nez ne® ne0 neQt
Therefore by Parseval’s identity we have that
2 2 4
—_ =} 2
3 4 Z 204

Lastly, upon subtracting over 72/4 and multiplying by 72/8, we find that
Lo
neo+ nt 96

as required.

Now finding ((4) just requires a bit of algebra.

Example 3.2. Using Example prove that
Lo
= n* 90

Proof. Notice that we can write

11 1 111
thﬂ+?+§+ﬂ+§+@+m

neN
1 1 1 1 1
=(Ttgitmt )t mtatat

1 1
=2t )
neQ+ neN
il 1 1

T 06 16 &
neN
Then after subtracting % > % on both sides and multiplying by 16/15, we get

1 it
2=

neN

as desired.

11

—-1-1 _

(3.2)

(3.3)



We have now seen two solutions to the zeta function. Namely that ((2) = 7%/6 and
¢(4) = 7*/90. Perhaps we can generalize these results to write down what ((2n) might be.
We will do just that next. Though like many of our other results, we’ll need a few sub-results
before we can justify the main one. This example can be found in [4, p. 350].

Example 3.3. Show that 7 cot(7z) has the partial fraction decomposition

wmumq:§+§:(zin+%> (3.4)

Solution. To obtain the partial fraction decomposition of 7 cot(7z), we can integrate our
result from (2.2) term by term which is justifiable due to the uniform convergence and
integrability of the series. Notice that

2 1 . 1 1
m_ﬁdt: T cse (m)_t_gdt:—WCOt(Wt)—i-;—i-C.
Therefore,
/Z r L gt (mt) + lim |~ t(nt) () + ~
— —dt=—mco - —lim |- —mco = —mcot(mz) + —.
o sin®(mt) 12 OO t el PR e 2

t=z

Then for n # 0, a simple u-substitution yields

famre ()

Lastly, using the result from (2.2) and moving some terms around,
1 1 1
t _ — —
7 cot(mz) Z+E (z—n+n>’

as we hoped. [ ]

We have one more important sub-result to cover. First define the Bernoulli numbers

B, by
z z . Bn 2n_‘812 B24 B36
1—§C0t(§)2m2 B TR TR

neN

It can be shown that the first three Bernoulli numbers are By = 1/6,By = 1/30, and
Bs = 1/42, but we will take this on faith.

Example 3.4. Derive the relation

22n+1ﬂ.2n+2 B

1 n+l 92n
Zmzz Gty 0 st (3:5)

n#0 n€Np

12



Solution. We can start by working with the definition of the Bernoulli numbers, isolating
cot(z/2) to find that
z 2 B
t(—):——z gl
2 z HEZN (2n)!z

Then use the substitution z — 27z to find that

cot(mz) = é -2 Z (QBT:)' (2m2)* 1.

neN

Then multiplying both sides by 7 and using what we found in (3.4]), we have that

Lo () g

n#0

Killing off the 1/z term and then differentiating term by term with respect to z gives us

o — 1)B,(21)™ .
_Z e :_Z( (Q)n)!< )" n2

n#0 neN

Lastly, if we make the substitution £ = n — 1 on the right hand side, we get

2k+2,2k+2

- @ = z
nzﬂ) (z —n)? kEZN (2k + 2)(2k)!
Bk 122k+1 242

- Z k)l

keNp

verifying (3.5)) [ |

Now that we have all the required pieces, we can finally write down and prove a formula
for {(2n).

Example 3.5. Prove that
22n—1ﬂ2n13n

(3.6)

Proof. Recall the partial fraction decomposition of mcot(nz). Differentiating (3.4) with
respect to z gives us
7 csc? =

Then for a similar reason as in Example 2.2] we can write the right hand side as

13



Now regarding the summand, these are both familiar geometric series and so we have

(z—ln)2 i (z—:n)2 - Z {k;l (%)H(_l)é#l) (%)k] '

keNg

Then notice for odd k, our terms cancel and for even k, they double. So if we write & = 2m,

then 1 | 5 )
Z m
— 2N @2m+1 (—) .
(z—n)2+(z+n)2 n? (2m +1) n

meENy

Therefore, we have that

> e S e ()]

n#0 neN meENg

= 2@m+ 12"y n2i+2

meENy neN

= Z 2(2m + 1)2*™¢(2m + 2).

meNy

Moreover recall what we found in Example [3.4], so

2m+1,..2m+2
2 ™ Bm+1 2m

(2m)!(m + 1)

> 2@2m+1)2¢2m+2) = )

meNp me&Ng
and upon equating coefficients of these series, we find that

2m—+1,.2m+2
22t ™ Bm+1

2(2m +1)C(2m +2) = (2m)!(m + 1)

Lastly, if we let 2m + 2 = 2n and shift some things around, out pops

22n—17r2an
=

as desired. m

Now that we have a concrete and closed formula for even zeta, lets confirm we get the
same solutions to ((2) and ((4). Recall as we said above, B; = 1/6 and By = 1/30, so

9211211 2

(@)=t =T

21 6

and 22—-1,.221 4
)=y B = o
220 00

confirming what we’ve found earlier.

14



We were able to not only find ((2) and ((4), but we now also know a general closed
formula for ((2n). You may find yourself thinking, this function isn’t nearly as mysterious
as it’s been made out to be. We only need to repeat the above process for ((2n + 1) in
order to fully describe the behavior of ((s) for s real. Well, it just so happens that this
is particularly where the function becomes “mysterious.” One may quickly notice that for
s =1,

1 1 1
g(1)_zn_1+2+3+-~

neN

is actually the harmonic series, which fails to converge in the first place, so there’s no chance
of writing down a nice formula. However, returning to , notice that in the definition
we required R(s) > 1, which this example fails to meet, so perhaps it was just a fluke. Yet,
as it turns out [7, p. 10] our knowledge of ((2n + 1) just about starts, and subsequently
ends here. In fact, our knowledge is so limited [7, p. 97] that beyond a proof from French
mathematician Roger Apéry (1916-1994) verifying the irrationality of ((3), we have yet to
find a closed formula for ((3) or prove the transcendencdl] of ((2n + 1) for n > 1. The one
(and nearly only) thing we concretely know and can all agree upon is the convergence of
((2n+1) for n > 1, as this is a convergent “p-series” which is typically provenE] in a calculus
2 course via the integral test.

4 The Riemann Hypothesis

The Clay Institute gives a [2] good rigorous description of the Riemann Hypothesis. In
essence, the Riemann Hypothesis is the question of where the zeros of ((s) lie. This question
can be slightly simplified by specifying “which” zeros we're interested in. We refer to the
zeros of zeta at negative even integers, s = --- , —4, —2 as trivial zeros. We then call the
other zeros “nontrivial zeros” which are the ones which live in C = {0 < R(s) < 1} and we
call C the critical strip. Then the Riemann Hypothesis can be written down more formally.

Riemann Hypothesis. The nontrivial zeros of ((s) live on the critical line {R(s) = 1/2}.

From a paper [5]|ﬂ in 1921 by English mathematician G.H. Hardy (1877-1947) and Britishlz]
mathematician J.E. Littlewood (1885-1977), we know infinitely many zeros of ((s) lie on the
critical line, yet this doesn’t automatically help us with whether or not there exists a zero
which doesn’t. However, we do have strong numerical evidence that the Riemann Hypothesis
holds. For example, the paper [§8] by A.M. Odlyzlko details the verification of billions of {(s)’s
zeros living on the critical strip, strengthening confidence in the Riemann Hypothesis, though
a mathematically rigorous proof remains elusive today. However, as this paper has already
become quite long in its own right, what better way is there to end it than with a cute jingle
detailing what we’ve learned, which can be found in 3, Appendix].

40r lack thereof.

®See for example |9, p. 754].

6Technically, a previous paper from 1914 covered this result, but this one strengthens these claims by
providing more precise estimates of the density and distribution of the zeros on the critical strip.

"Fun fact: English implies British, however the converse is not necessarily true.
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Where are the zeros of zeta of s?

Tom M. Apostol

Where are the zeros of zeta of s?

G.F.B. Riemann has made a good guess:
“They’re all on the critical line,” stated he,
“And their density’s one over two pi logT.”

This statement of Riemann’s has been like a trigger,
And many good men, with vim and with vigor,
Have attempted to find, with mathematical rigor,
What happens to zeta as mod ¢ gets bigger.

The efforts of Landau and Bohr and Cramér,
Hardy and Littlewood and Titchmarsh are there.
In spite of their effort and skill and finesse,

In locating the zeros there’s been no success.

In 1914 G.H. Hardy did find,

An infinite number that lie on the line.

His theorem, however, won'’t rule out the case,
That there might be a zero at some other place.

Let P be the function pi minus Li;

The order of P is not known for x high.

If square root of x times logx we could show,
Then Riemann’s conjecture would surely be so.

Related to this is another enigma,

Concerning the Lindelof function mu sigma,
Which measures the growth in the critical strip;
On the number of zeros it gives us a grip.

But nobody knows how this function behaves.
Convexity tells us it can have no waves.
Lindelof said that the shape of its graph
Is constant when sigma is more than one-half.

Oh, where are the zeros of zeta of s7

We must know exactly. It won’t do to guess.

In order to strengthen the prime number theorem,
The integral’s contour must never go near ‘em.

André Weil has improved on old Riemann’s fine guess
By using a fancier zeta of s.
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He proves that the zeros are where they should be,
Provided the characteristic is p.

There’s a moral to draw from this long tale of woe
That every young genius among you must know:
If you tackle a problem and seem to get stuck,
Just take it mod p and you’ll have better luck.
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